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Abstract
In this work, the field of a gravitational shockwave generated by a
massless point-like particle is calculated at the event horizon of a station-
ary Kerr-Newman black hole. Using the geometric framework of gener-
alized Kerr-Schild deformations in combination with the spin-coefficient
formalism of Newman and Penrose, it is shown that the field equations
of the theory, at the event horizon of the black hole, can be reduced to
a single linear ordinary differential equation for the so-called profile func-
tion of the geometry. This differential relation is solved exactly. Based
on the results obtained, a physical interpretation is given for the found
shockwave spacetime, and it is clarified how these results lead back to
those of previous works on the subject, which deal with the much simpler
cases of gravitational shockwaves in static black hole backgrounds.
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Introduction
The problem of calculating the gravitational field of a massless ultrarelativis-
tic particle which propagates on a flat Minkowskian background was solved a
long time ago by Aichelburg and Sexl [1]. Leading to the metric of a deformed
singular spacetime geometry of an ultrarelativistic point mass, the solution of
this problem was found by performing a Lorentz boost of the Schwarzschild
geometry in isotropic coordinates and executing an appropriate ultrarelativis-
tic limit. Ever since the discovery of the corresponding geometry, numerous
approaches have focused on providing similar solutions to Einstein’s equations
for more general geometric settings and broader scopes of physical application.
These approaches include, in particular, the works of Dray and ’t Hooft [12]
and Sfetsos [19], which provide the precise form of a gravitational shock wave
caused by a massless particle in static black hole and cosmological backgrounds.
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Describing physically the gravitational field of an ultrarelativistic point-like
source, which represents the field of a particle whose rest mass becomes zero in
the limit previously mentioned, the said shock wave geometries share a prodi-
gious mathematical property: They are characterized by metrics that are dis-
tributionally valued and therefore contain contributions of uncharacteristically
low regularity from the point of view of classical general relativity. These low
regularity contributions occur as a byproduct of a specific distributional method
known as Penrose’s ’scissors-and-paste’ procedure [16], which has been applied
to some well-known spherically symmetric gravitational backgrounds, including
the spacetimes of Schwarzschild, Reissner-Nordström and de Sitter.
The underlying method, which is based on the idea of performing a spe-
cific coordinate shift in one of the components of the metric in double null
coordinates, entails the existence of a confined particle-like source that gener-
ates a gravitational shock wave that skims along the event horizon of the black
hole. This involves the introduction of a delta-shaped profile alias shift function
(which is actually a distribution) that has a compact support on a single null
hypersurface of spacetime. The reduced version of this profile or shift function
represents the only unknown of the theory and therefore ought to be determined
by explicitly solving the field equations of the theory.
However, this usually involves serious mathematical problems arising from
the fact that the modifications caused by the field of a point-like particle require
performing nonlinear operations on distributions, which are generally ill-defined.
This in turn manifests itself in the fact that the nonlinear curvature fields asso-
ciated with the deformed spacetime metric typically contain highly problematic,
distributionally ill-defined ’squares’ of the delta distribution, which cannot be
treated meaningfully from a mathematical point of view and therefore were
recklessly ignored in practice.
A notable exception to this approach is a work by Alonso and Zamorano [2],
which showed (for the special case of Reissner-Nordström spacetime) that the
corresponding lack of mathematical rigour can elegantly be overcome by using
a geometrically more appealing approach, known as the generalized Kerr-Schild
framework. This framework, which makes it possible to rigorously deal with
quantities of low regularity, is based on performing a specific null geometric
deformation of spacetime, commonly referred to as a generalized Kerr-Schild
ansatz, which forms the basis of the so-called generalized Kerr-Schild framework.
Due to its linearity, this geometric framework is tailor-made for dealing with
the low regularity of the components of the deformed field equations. More
precisely, because of the fact that the mixed deformed Einstein tensor of the
geometry (and hence also the mixed deformed Ricci) is always linear in the
profile function, standard distribution theory can be used for solving the mixed
Einstein equations with respect to a given background.
Based on this observation, a general approach to the problem was presented
in [9], which uses the generalized Kerr-Schild framework, but does not rely on
the consideration of a specific background geometry of spacetime. Despite this
generality of the corresponding geometric setting, a closer examination of the
generalized Kerr-Schild class of the Schwarzschild and Reissner-Nordström black
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hole metrics has shown that the said approach allows one to reproduce both the
results of Dray and ’t Hooft and Sfetsos locally by specifying the mixed deformed
Einstein tensor of the respective static black hole backgrounds with respect to
various components of the corresponding Riemann and Weyl curvature tensors.
In addition, it was shown that the Aichelburg-Sexl geometry can be calculated
as another special case of this setting.
In the present work, these results are to be extended to the much more com-
plicated case of a gravitational shock wave produced by a massless particle-like
source at the event horizon of a stationary, axially symmetric Kerr-Newman
black hole. For this purpose, the Newman-Penrose spin-coefficient formalism is
applied to the generalized Kerr-Schild framework, which allows one to expand
the gravitational field equations in terms of spin-coefficients. As a result, an
ordinary differential equation for the profile function of the geometry is derived
and solved exactly using methods of the theory of differential equations with
variable coefficients. This is achieved on the basis of the fact that the said rela-
tion belongs to the so-called Fuchsian class of second order differential equations
with coefficients with five regular singular points, so that one immediately knows
the exact form of the two linearly independent solutions, which can be superim-
posed to a single (distributionally defined) solution for the profile function of the
geometry. In this way, a new type of local geometric backreaction is specified,
which is given by a superimposed Kerr-Schild ansatz. This approach generalizes
the asymptotically flat stationary field of a Kerr-Newman black hole, causing a
change in the energy-momentum tensor in the form of an ultrarelativistic parti-
cle field, thus providing a new kind of generalized Kerr-Schild geometry in four
dimensions.
1 Einstein’s Field Equations I: Deriving the gen-
eralized Dray-’t Hooft Relation
To determine the exact structure of the geometric field of an ultrarelativistic
point-like particle in a stationary black hole background, the first step shall be
the application of the mathematical approach worked out in [9] to the case of
a Kerr-Newman black hole background. This background can be classified as a
Petrov-type D spacetime, which brings about a decisive simplification in that,
according to the Goldberg-Sachs theorem, it means that the coefficients Ψ0, Ψ1,
Ψ3, Ψ4 and φ0, φ2 of the Weyl and Einstein-Maxwell tensors can all be set to
zero by the use of a suitable null geodesic frame.
Consequently, in order to be able to deal with a maximally simplified geomet-
ric setting, it seems reasonable to consider the Kerr-Newman metric gab in Kerr
coordinates. As is well-known, the individual components of the Kerr-Newman
metric in these coordinates can be read off from the line element
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ds2 = −(1− 2Mr − e
2
Σ
)dv2 + 2(dv − a sin2 θdφ)dr +Σdθ2+ (1)
+
Πsin2 θ
Σ
dφ2 − 2(2Mr − e
2)
Σ
a sin2 θdvdφ,
where Σ = r2+a2 cos2 θ, Π = (r2+a2)2−∆a2 sin2 θ and ∆ = r2+a2−2Mr+e2.
There are two main reasons for the given choice of Kerr coordinates: On
the one hand, these coordinates are regular at the internal and external event
horizons r± = M ±
√
M2 − a2 − e2. On the other hand, they allow to directly
read off the only two principal null directions of the geometry, which lead to
associated null congruences that are globally shear free.
Sure enough, given this comparatively simple geometric setting, the decom-
position relations
g˜ab = gab + flalb, (2)
and
g˜ab = gab − flalb (3)
can be formulated with respect to the background spacetime (M, g) in order to
obtain a new spacetime (M˜, g˜) with different metric and curvature components.
In this context, gab and g
ab represent the metric and the inverse metric of the
Kerr-Newman background, the scalar function f represents the so-called profile
function and la represents a co-vector field, whose index can be raised and
lowered with the background metric, so that in particular la = gabl
b applies.
In this context, the corresponding vector field is assumed to be null geodetic,
which means that it must satisfy the relations gabl
alb = 0 and Dla = 0, where
D := lb∇b applies by definition. In that respect, the deformation relation (2)
provides a new deformed metric belonging to the generalized Kerr-Schild class
of the given Kerr-Newman black hole background.
With relations (2) and (3) at hand, the mixed Einstein tensor of generalized
Kerr-Schild class
G˜ab = R˜
a
b −
1
2
δabR˜ (4)
can be set up, which is found to be of the form
G˜ab = G
a
b + ρ
a
b. (5)
What is truly remarkable about this result is that the deformed part of the
mixed Einstein tensor
ρab = −
1
2
fRacl
clb − 1
2
fRcblcl
a +
1
2
δab(fR
d
cldl
c −∇d∇c(fldlc))+ (6)
+
1
2
(∇c∇a(flclb) +∇c∇b(flcla)−∇c∇c(flalb))
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is linear in the profile function f .
Based on the fact that the considered Kerr-Schild vector field la can always
be completed to a normalized null geodesic frame (la, ka,ma, m¯a) whose compo-
nents satisfy −kala = mam¯a = 1, the spin-coefficient method of Newman and
Penrose [17] can be applied to the given problem. An appropriate candidate
for the corresponding Kerr-Schild vector field la can be found by performing a
2+ 2-decomposition of the given seed metric and its inverse, which leads to the
expressions gab = −2l(akb)+2m(am¯b) and gab = −2l(akb)+2m(am¯b). This gives
a null tetrad (la, ka,ma, m¯a) that is of the form
la =
r2 + a2
Σ
∂av +
a
Σ
∂aφ +
∆
2Σ
∂ar (7)
ka = −∂ar
ma =
1√
2Γ
(∂aθ −
i
sin θ
(∂aφ + a sin
2 θ∂av ))
m¯a =
1√
2Γ¯
(∂aθ +
i
sin θ
(∂aφ + a sin
2 θ∂av )),
where Γ = r + ia cos θ and Γ¯ = r − ia cos θ.
In respect to this particular choice of a null frame, all the nonzero spin-
coefficients can be calculated. These coefficients are
ǫ =
r −M
2Σ
− ∆
2ΣΓ
, α = − cot θ
2
√
2Γ¯
, τ =
ia sin θ√
2Γ2
(8)
β =
ia sin θ√
2Γ2
+
cot θ
2
√
2Γ
, π = − ia sin θ√
2Σ
, ρ = − ∆
2ΣΓ
, µ = − 1
Γ
,
φ1 =
e√
2Γ2
, Ψ2 = −M
Γ3
+
e2
Γ2Σ
.
As can be seen, ǫ + ǫ¯ 6= 0 applies according to the given choice of the null
frame. Hence, to actually convert the given expression into a null geodesic
frame, a null rescaling of the form la → Be−κvla and ka → B−1eκvka needs be
applied, where B = B(r, θ) = B0Σexp(− rM − 2M
2−e2
2M(r2++a
2)
[r+2M ln |r−r−|]) with
B0 =
exp(
r+
M
+ 2M
2−e2
2M(r2
+
+a2)
[r++2M ln |r+−r−|])
r2++a
2 cos2 θ
and κ = r+−M
r2++a
2 . Here, as can readily
be seen, the resulting expression remains regular at the outer event horizon,
that is, for a radial parameter value of r = r+.
By performing this rescaling, the condition ǫ + ǫ¯ = 0 is now exactly satis-
fied. As a consequence, the structure of the associated spin-coefficients changes
according to the rule ǫ → ǫ + 12D ln |Be−κv|, γ → γ + 12D
′
ln |Be−κv|, α →
α+ 12δ
′
ln |Be−κv|, β → β+ 12δ ln |Be−κv|, ρ→ Be−κvρ, µ→ B−1eκvµ; all other
coefficients are zero or remain unaltered.
Before explicitly calculating the deformed part of the total Einstein tensor
G˜ab, it shall first be noted that the geometric field of a null particle field at
the horizon must satisfy G˜ab|H+ ∝ lalb. However, since this obviously implies
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that R˜|H+ = 0 as a consequence of R = 24Π = 0, there must further hold
∇d∇c(fldlc) = 0 locally at the event horizon of the black hole background.
This is certainly satisfied if the local condition
∇c(fldlc)|H+ = 0 (9)
is met by the profile ’function’ f of the geometry.
To describe the distributional profile of a point-like null particle, it is appro-
priate to consider an ansatz that contains a delta distribution. More precisely, a
generic choice for f = f(v, r, θ, φ) that is consistent with the above requirements
should locally be of the form f |H+ = eκvf0(v, θ, φ)δ(r − r+) = U(θ)F (θ, φ −
ω+v)e
κvδ(r− r+), where ω+ = ar2++a2 and U = U(θ) and F (θ, φ−ω+v) are free
functions that are to be specified in the further course of this work.
Given the fact that the profile function has compact support on the exterior
event horizon H+, it suffices to calculate the local object
ρab = [G
a
b] = G˜
a
b|H+ −Gab|H+ (10)
in order to determine the geometric structure of the entire deformed spacetime
(M˜, g˜). However, this drastically simplifies the deformed field equations, which
de facto are found to reduce to a single relation of the type
ρab = −⊠ flalb, (11)
which is given with respect to the definition
⊠ :=
1
2
D2 + (2(α+ β¯)− τ¯ )δ − (2(α¯+ β)− τ)δ′ + 1
2
D′(ρ+ ρ¯)+ (12)
+ δ(α + β¯ − τ¯ ) + δ′(α¯+ β − τ) + (τ¯ + α− β¯)(τ − α¯− β)+
+ (τ + α¯− β)(τ¯ − α− β¯) + 4|α+ β¯| − τ¯ (α¯+ β)+
− τ(α + β¯) + Ψ2 + Ψ¯2.
Note that the relation 12 [(ρ+ ρ¯)D
′f, ·] = − 12 [D′(ρ+ ρ¯)f, ·] was used to determine
the concrete form of this differential operator.
Unfortunately, by looking at the result obtained, it immediately becomes
clear that the derived differential relation is too complicated to be solved directly
in its present form. Consequently, in order to further simplify the geometric
structure of the Kerr-Schild deformed Einstein tensor, it proves beneficial to try
to satisfy the local conditions
∇[alb]|H+ = 0, (13)
which can be satisfied by performing a null rotation la → la, ka → ka + ζ¯ma +
ζm¯a + |ζ|la, ma → ma + ζla, → m¯a → m¯a + ζ¯la, where ζ = iω+eκvΓ¯ sin θ√
2B
.
Given this specific transformation, the structure of the complex valued null
normals ma and m¯a changes in such a way that α¯ + β = τ is satisfied on H+
and thus also ∇[alb]|H+ = 0 as a further consequence.
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Consequently, it is found that the deformed Einstein tensor can be written
exactly the same way as in equation (11), with the only difference being that
the scalar part of the said relation now reads
⊠ f =
1
2
D2f + τδ′f + τ¯ δf + 1
2
D′(ρ+ ρ¯)f + 2|τ |2f +Ψ2f + Ψ¯2f, (14)
provided that the definition D2 = DaDa = δδ′ + δ′δ + (β − α¯)δ′ + (β¯ − α)δ is
used in the present context. As will later turn out, this leads directly to the
generalized Dray-’t Hooft equation
⊠˜f˜ = 2πb0δN , (15)
which shall be solved in a distributional sense in the following.
Remarkably, the given relation (14), which was previously found in respect
to other definitions and conventions in [9], is invariant under null rotations that
leave the form of la invariant. Accordingly, the result obtained remains com-
pletely unchanged if a corresponding null rotation is considered in the present
context, which, however, ensures that complex null normals ma and m¯a are
hypersurface forming, so that Lm¯m
a is given by a linear combination in ma and
m¯a locally on H+. Consequently, it seems justified to continue using the null
reference frame considered so far.
To simplify the said relation, it proves advantageous to make the ansatz
U = U(θ) = Σ+ with Σ+ = Σ|r=r+ , where U is a solution to the equation
δ ln |U | = π¯ − τ on H+. From this it follows that the derived relation takes the
form
⊠f = eκvΣ+δ+(
1
2
D2F + 1
2
(π + τ¯)δF +
1
2
(π¯ + τ)δ′F +
1
2
D′(ρ+ ρ¯)F−
− 1
2
δτ¯F − 1
2
δ′τF + |π|2F + |τ |2F + 1
2
(π¯ − τ)(β¯ − α)F+
+
1
2
(π − τ¯)(β − α¯)F +Ψ2F + Ψ¯2F ) (16)
where δ+ = δ(r − r+) shall apply by definition. Taking then into account the
fact that (α + β¯)δ + (α¯ + β)δ′ = τ¯ δ + τδ′ = −πδ − π¯δ′ applies locally at the
event horizon of the black hole and that the spin-coefficient relations [17, 18]
D′ρ− δ′τ + |τ |2 − τ(β¯ − α) + Ψ2 = 0 (17)
and
δπ −Dµ+ |π|2 + π(β¯ − α) + Ψ2 = 0 (18)
and their respective complex conjugates can be used to convert the derived
differential equation, it is found that the geometric structure of the deformed
Einstein tensor drastically simplifies in that it now takes the much simpler form
ρab = −
eκvΣ+δ+
2
(D2F +D(µ+ µ¯)F )lalb. (19)
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Using the definition V ≡ D(µ+µ¯), the resulting expression can be re-written
in the form
ρab = −
eκvδ+Σ+
2
(D2F + V · F )lalb. (20)
Given this final result, it is found that Einstein’s equations reduce in the given
case to asingle relation, which shall be referred to as reduced generalized Dray-’t
Hooft equation from now on.
By considering the limit a→ 0, it is found that relation (15) reduces to
(∆S2 − c)f = 2πb0δN , (21)
where c = 2κr+ =
2(r+−M)
r+
, which was first obtained by Sfetsos. In addition,
by considering the combined limits a, e→ 0, it is found that the said differential
equation takes the even simpler form
(∆S2 − 1)f = 2πb0δN , (22)
which was first found by Dray and ’t Hooft. Therefore, since obviously both of
these relations result as a special case from the given model, it can be concluded
that the generalized Dray-’t Hooft equation provides a viable extension of those
fundamental equations, which have been used in the past to determine the
profile functions corresponding to a gravitational shock wave in either Reissner-
Nordström or Schwarzschild black hole backgrounds.
2 Einstein’s Field Equations II: Solving the gen-
eralized Dray-’t Hooft Relation
Next, to actually solve the deduced differential relation, the line element asso-
ciated with the induced two-metric of the Kerr-Newman geometry
dσ2 = Σ+dθ
2 +
(r2+ + a
2)2 sin2 θ
Σ+
dφ2 (23)
shall be considered. By introducing the coordinate transformation ξ = cos θ,
this line element can be re-written in the form
dσ2 =
Σ+
1− ξ2 dξ
2 +
(r2+ + a
2)2(1 − ξ2)
Σ+
dφ2, (24)
which provides a spacelike dyad (ma, m¯a) that is locally of the form
ma =
1√
2Γ+
(
√
1− ξ2∂aξ −
iΣ+
(r2+ + a
2)
√
1− ξ2
∂aφ), (25)
m¯a =
1√
2Γ¯+
(
√
1− ξ2∂aξ +
iΣ+
(r2+ + a
2)
√
1− ξ2 ∂
a
φ), (26)
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according to which, of course, Γ+ = r+ + iaξ and thus Γ¯+ = r+ − iaξ.
Given this setting, the reduced generalized Dray-’t Hooft equation may be
re-written in these coordinates in the form
Σ+(D2F + V · F ) = Σ+∂ξ(1− ξ
2
Σ+
∂ξ)F+ (27)
+
Σ2+
(r2+ + a
2)2(1 − ξ2)∂
2
φF −
2r+(r+ −M)
Σ+
F.
By considering in the following the special case of a profile function f = f(ξ) as
well as the reduced profile function F = F (ξ) which both do not depend on the
angular variable φ, while assuming that the symmetry axis of the system points
through the ’north pole’, i.e. through the point ξ0 = 1 at which the particle is
assumed to be located, it is possible to re-write relation (14) in the form
⊠f =eκvδ+Σ+
{D2F + V · F} = (28)
=eκvδ+
{
Σ+
d
dξ
(
1− ξ2
Σ+
dF
dξ
)− 2r+(r+ −M)
Σ+
F
}
Note that the same step was also taken in the previous works of Dray and ’t
Hooft and Sfetsos, although, as one must admit, in the spherical case (quite
contrary to the given axisymmetric case) such an approach does not result in
any loss of generality.
The first step in finding a distributionally defined solution of the generalized
Dray-’t Hooft relation
[⊠˜f˜ , ·] = [2πb0δ(ξ − 1), ·] (29)
is to solve ⊠f = 0, where the meaning of the tilde shall be discussed sometime
later in the further course of this work.
Relation (28) yields the homogeneous linear ordinary differential relation
d2F
dξ2
+ p
dF
dξ
+ qF = 0, (30)
where the coefficients a and b are given by p = − 2ξ1−ξ2− 2a
2ξ
Σ+
and q = − 2r+(r+−M)Σ+(1−ξ2) .
Evidently, the coefficients give rise to the five singular points ±1, ± ir+
a
and
∞. Fortunately, however, since one finds in this context that the expressions
lim
ξ→ξ0
(ξ − ξ0)p and lim
ξ→ξ0
(ξ − ξ0)2q remain finite, where ξ0 represents any of
the listed singularities, the given singular points happen to be regular singu-
lar points, which makes it clear that the derived differential equation belongs to
the Fuchsian class of linear differential equations of second order with regular
singular coefficients [11, 20].
In fact, from this it can be concluded that there must exist two different
solutions. To determine the exact form of these solutions on the level of infinite
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power series [13], the given relation shall be re-written in the form
Σ+(1− ξ2)d
2F
dξ2
− [2ξΣ+ + 2a2ξ(1 − ξ2)]dF
dξ
− 2r+(r+ −M)F = 0. (31)
By doing so, it is found that the two solutions are of the form F1 =
∞∑
k=0
wkξ
k and
F2 ≡ F1∆+G, where G =
∞∑
k=0
ukξ
k and ∆ = C1(r
2
++a
2)[ 12 ln | ξ+1ξ−1 |−aω+ξ]+C2,
where, in this context, ∆ is then defined in precisely such a way that it forms a
solution of Σ+(1 − ξ2)d2∆dξ2 − [2ξΣ+ + 2a2ξ(1 − ξ2)]d∆dξ = 0.
Unfortunately, however, the derived differential relation (in its present form)
does not allow for any polynomial solutions so that both F1 = F1(ξ) and F2 =
F2(ξ) are in fact infinite power series. While this does not imply that there could
not in principle exist another variable more appropriate than ξ, which allows for
the definition of polynomial solutions and could therefore be used as a basis for
the construction of generalized ellipsoidal harmonics, the finding that there are
no such solutions in the given variable ξ nevertheless shows that another pair of
solutions is needed at this stage in order to find a combined solution not only
to the homogeneous, but also the inhomogeneous equation.
The independent solutions F±1 = F
±
1 (ξ) and F
±
2 = F
±
2 (ξ), which can be
obtained straightforwardly by introducing a new set of variables ξ → ±ξ − 1,
are of the form F±1 =
∞∑
k=0
(−1)kw±k (1 ∓ ξ)k and F±2 ≡ F±1 ∆ + G±, where
G± =
∞∑
k=0
(−1)ku±k (1∓ ξ)k. As it then turns out, the corresponding coefficients
must coincide exactly in that w+k = w
−
k and u
+
k = u
−
k as long as the conditions
w+0 = w
−
0 and u
+
0 = u
−
0 are satisfied, which is simply due to the invariance
of the equation under ’parity transformations’ in ξ. The coefficients w±k have a
rather complicated structure, as they have to be determined from the three-term
recurrence relation
w±k+1 = mkw
±
k + nkw
±
k−1 + okw
±
k−2, (32)
according to which mk = m(k) = − r
2
+
2(r2++a
2)
k(k+1)
(k+1)2 − a
2
2(r2++a
2)
(5k−3)k
(k+1)2 − κr+(k+1)2 ,
nk = n(k) = − 2a2r2++a2
(k−2)(k−1)
(k+1)2 and ok = o(k) = − a
2
r2++a
2
(k−2)(k−3)
(k+1)2 . Using the
fact that one may always choose w±2 and w
±
1 freely and thus in such a way that
w±2 = m1w
±
1 + n1w
±
0 and w
±
1 = m0w
±
0 , the coefficients w
±
k+1 can be written
down explicitly by using the notation w±k+1 =≪ m,n, o ≫k w±0 , where the
occurring symbol ≪ m,n, o≫k is a multi-linear form of the type
≪ m,n, o≫k = Wakak−1...a0Xakk Xak−1k−1 ...Xa00 , (33)
where each aj runs from zero to three. The corresponding objects X
aj
j = X
aj(j)
have the components X0j = θ(j), X
1
j = m(j), X
2
j = n(j) and X
3
j = o(j), where
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θ(j) :=
{
0
1
if j<0
if j≥0 is the Heaviside step function. In the meantime, the object
Wakak−1...a0 is defined in such a way that all its components are either zero or
one. All its non-zero components are exactly those for which on the one hand
k∑
j=0
aj = k + 1 applies and, moreover, all indices that take the value zero occur
only as successors of those that take a value of two, and all pairs of indices that
take the value zero combined occur only as successors of indices with a value of
three. This implies in particular that all W0ak−1...a0 and W00ak−2...a0 are zero
by definition.
To prove that F±1 is actually a solution of (31), it shall first be noted that
the validity of relations (32) and (33) would imply that
Wakak−1...a0X
ak
k X
ak−1
k−1 ...X
a0
0 = mkWak−1...a0X
ak−1
k−1 ...X
a0
0 +
+ nkWak−2...a0X
ak−2
k−2 ...X
a0
0 + okWak−3...a0X
ak−3
k−3 ...X
a0
0 . (34)
The first case to be considered is therefore k = 2. In this case, using the defini-
tions Wa1a0X
a1
1 X
a0
0 := W11X
1
1X
1
0 +W20X
2
1X
0
0 = m1m0 + n1 and Wa0X
a0
0 :=
W1X
1
0 = m0, which are consistent with the choice w2 = m1w1 + n1w0 and
w1 = m0w0, the above relation reads
Wa2a1a0X
a2
2 X
a1
1 X
a0
0
!
= m2Wa1a0X
a1
1 X
a0
0 +
+ n2Wa0X
a0
0 . (35)
Considering the fact that the only non-zero components of Wa2a1a0 are W111,
W120 W201, W300, the only non-zero components ofWa1a0 areW11, W20 and the
only non-zero component ofWa0 isW1, one obtains the resultWa2a1a0X
a2
2 X
a1
1 X
a0
0 =
m2m1m0 + n2m0 +m2n1 + o2 = m2Wa1a0X
a1
1 X
a0
0 + n2Wa0X
a0
0 , which is fully
consistent with (34) due to the fact that o2 = 0 and Wak−i...a0 = 0 holds by
definition for all k < i.
The next case to be considered is k = 3. In this case, one finds
Wa3a2a1a0X
a3
3 X
a2
2 X
a1
1 X
a0
0
!
= m3Wa2a1a0X
a2
2 X
a1
1 X
a0
0 +
+ n3Wa1a0X
a1
1 X
a0
0 + o3Wa0X
a0
0 , (36)
so that, in consideration of the fact that the only non-zero components of
Wa3a2a1a0 are W1111, W1120 W1201, W2011, W2020, W1300, W3001, one obtains
the result Wa3a2a1a0X
a3
3 X
a2
2 X
a1
1 X
a0
0 = m3m2m1m0 + m3n2m0 + m3m2n1 +
m3o2+ n3m1m0+n3n1+ o3m0 = m3Wa2a1a0X
a2
2 X
a1
1 X
a0
0 + n3Wa1a0X
a1
1 X
a0
0 +
o3Wa0X
a0
0 .
Finally, the consistency of the induction step k → k + 1 must be demon-
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strated, which can be achieved by considering the fact that
Wak+1ak...a0X
ak+1
k+1 X
ak
k ...X
a0
0 =W1ak...a0X
1
k+1X
ak
k ...X
a0
0 +
+W20ak−1...a0X
2
k+1X
0
kX
ak−1
k−1 ...X
a0
0 +W300ak−2...a0X
3
k+1X
0
kX
0
k−1X
ak−2
k−2 ...X
a0
0 =
!
=Wak...a0X
1
k+1X
ak
k ...X
a0
0 +Wak−1...a0X
2
k+1X
ak−1
k−1 ...X
a0
0 +
Wak−2...a0X
3
k+1X
ak−2
k−2 ...X
a0
0 (37)
applies wheneverW1ak...a0−Wak...a0 =W20ak−1...a0X0k−Wak−1...a0 =W300ak−2...a0X0kX0k−1−
Wak−2...a0 = 0 is fulfilled. But since all non-zero components of bothWak+1ak...a0
and Wak...a0 have the same value equal to one, assertion (37) defines a distribu-
tional relation which is actually fulfilled for all possible combinations of indices
ak...a0, ak−1...a0 and ak−2...a0 due to the fact that X0j = X
0
j−1 = 1 applies
for all fixed non-negative values j and j − 1. Therefore, it can be concluded
that relation (34) is valid, so that it can be concluded that (33) actually repre-
sents a solution to (32) and thus F±1 actually represents a solution of differential
equation (31).
Subsequently, taking into account the mathematical framework of the Fuch-
sian class [13, 20], one immediately comes to the conclusion that the correspond-
ing power series converges absolutely in the annulus of radius |ξ − ξ0| < R.
The additional coefficients u±k have a related, but even more complicated
structure. They result from the inhomogeneous differential equation
Σ+(1− ξ2)d
2G±
dξ2
− [2ξΣ+ + 4a2ξ(1− ξ2)]dG
±
dξ
− 2r+(r+ −M)G± = (38)
= −2Σ2+
dF±1
dξ
for G±, which results directly from inserting the second solution F2 = F2(ξ) in
the homogeneous differential equation (31).
Using here G± =
∞∑
k=0
(−1)ku±k (ξ±1)k and 2C1Σ2+ dF
±
1
dξ
=
∞∑
k=0
(−1)kφ±k (1±ξ)k,
where φ±k := 2C1(r
2
++a
2)2(k+1)w±k+1+8C1(r
2
++a
2)kw±k +4C1a
2(r2++3a
2)(k−
1)w±k−1+8C1a
4(k− 2)w±k−2+2C1a4(k− 3)w±k−3 applies by definition, one finds
the recurrence relation
u±k+1 = mku
±
k + nku
±
k−1 + oku
±
k−2 +Φ
±
k , (39)
which contains the expression Φ±k :=
φ
±
k
2(r2++a
2)(k+1)2
, which can alternatively be
written down in the form
Φ±k = C1
4∑
i=0
αi
k − i+ 1
(k + 1)2
≪ m,n, o≫k−i w±0 , (40)
provided that α0 := r
2
+ + a
2, α1 := 4a
2, α2 := 2a
2(1 + 2aω+), α3 := 4a
3ω+,
α4 := a
3ω+ applies in the given context.
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Assuming now that w±k−i = 0 for all k < i and also all X
ak−i
k−i are zero as well
in such a case, and furthermore that
k−j−1∑
m=0
am = k − j and
k∑
m=k−j
am = j + 1
applies in the present context, the corresponding coefficients can be written
down in the form
u±k+1 =≪‖ m,n, o ‖≫±k (41)
provided that
≪‖ m,n, o ‖≫±k =≪ m,n, o≫k u±0 + (42)
+
k∑
j=0
Wak...ak−jX
ak
k ...X
ak−j
k−j Φ
±
k−j ,
which can be re-written in the form
≪‖ m,n, o ‖≫±k =≪ m,n, o≫k u±0 + (43)
+ C1
4∑
i=0
k∑
j=0
αi
k − i− j + 1
(k − j + 1)2 Wak...ak−jWak−i−j ...a0X
ak
k ...X
ak−j
k−j X
ak−i−j
k−i−j ...X
a0
0 w
±
0 .
In order to see now that this expression really solves the inhomogeneous differ-
ential relation (38), it is advisable to write (41) in the form
≪‖ m,n, o ‖≫±k =≪ m,n, o≫k u±0 +Φ±k + (44)
+mkΦ
±
k−1 + (mkmk−1 + nk)Φ
±
k−2 + (mkmk−1mk−2 + nkmk−2 + ok)Φ
±
k−3 + ...,
so that it can be concluded that (39) is solved if and only if
≪ m,n, o≫k u±0 +Φ±k +mkΦ±k−1 + (mkmk−1 + nk)Φ±k−2+ (45)
+ (mkmk−1mk−2 + nkmk−2 + ok)Φ±k−3 + ...
!
= mk ≪ m,n, o≫k−1 u±0 +
+mkΦ
±
k−1 +mkmk−1Φ
±
k−2 + ....+ nk ≪ m,n, o≫k−2 u±0 + nkΦ±k−2+
+ nkmk−2Φ±k−3 + ....+ ok ≪ m,n, o≫k−3 u±0 + okΦ±k−3 + .... =
= mk ≪ m,n, o≫k−1 u±0 + nk ≪ m,n, o≫k−2 u±0 + ok ≪ m,n, o≫k−3 u±0 +
+
k∑
j=0
Wak...ak−jX
ak
k ...X
ak−j
k−j Φ
±
k−j
is fulfilled. However, due to the validity of (34), it is not difficult to see that this
is indeed the case, from which it can be concluded that (38) is actually solved
by an ansatz of the form (42), which proves to be completely equivalent to the
expression given in (43).
From the fact that the symmetry group acting on solutions of Fuchsian
differential equations is isomorphic to the so-called Coxeter group Dn of order
n!2n−1, one knows that differential equation (30), which is identical to relation
13
(31), admits two solutions, which are two specific representatives of a class of
no less than 1920 solutions.
Anyway, given the precise form of the coefficients w±k and u
±
k , one can now
make the ansatz
F = Θ+F
+ +Θ−F− (46)
for the reduced profile function F of the geometry, where
F± = c±1 F
±
1 + c
±
2 F
±
2 . (47)
Since it is required that the solution is regular at ξ0 = −1 for fixed j, it is known
that the coefficient c−2 must be identically zero. Accordingly, using the fact that
one can always set w.l.o.g. Θ+ +Θ− = 1 and define Θ := Θ+, the solution can
be expressed in the form
F = Θ(c+1 F
+
1 + c
+
2 F
+
2 ) + (1−Θ)c−1 F−1 . (48)
Note that the individual parts of this solution can be related w.l.o.g. by means
of a monodromy transformation of the type(
F−1
F−2
)
=
(
a11 a12
a21 a22
)(
F+1
F+2
)
, (49)
which yields F−1 = a11F
+
1 + a12F
+
2 . This can be used to ensure that the condi-
tions
c+1 F
+
1 |ξ=0 + c+2 F+2 |ξ=0 != c−1 F−1 |ξ=0, (50)
c+1
dF+1
dξ
|ξ=0 + c+2
dF+2
dξ
|ξ=0 = c−1
dF+2
dξ
|ξ=0 (51)
both are fulfilled, which, however, requires the conditions c+2 − a12c−1 != 0 and
c+1 − a11c−1 to hold in the present context, which is not much of a problem due
to the fact that the coefficients c±1 and c
−
1 can be freely chosen.
Having obtained the general form of the reduced profile function F = F (ξ),
the next step is now to solve the distributional relation [⊠˜f˜ , ·] = [2πb0δ(ξ−1), ·].
In order to show that the given differential equation can actually be solved, it
is advisable to simplify matters as much as possible, taking note of the following
observation: By performing a null rescaling of the form la → χla, ka → χ−1ka,
by virtue that the condition Dχ = 0 is fulfilled in the present context, it is
always possible to switch from the original Kerr-Schild geometry constructed
so far to another geometrically different one, whose associated deformed metric
has the form
˜˜gab = gab + f˜ lalb = gab + χ
2flalb, (52)
but which is of course equally well-defined both from a physical and a mathe-
matical point of view. Using this approach, one can modify the original model
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by taking the solution of ⊠f = eκvδ+Σ+
{D2F + V · F} = 0 to one that is a
solution of ⊠˜f˜ = 0, where the modified differential relation takes the form
⊠˜f˜ =
1
2
D2f˜ + (2(α˜+ ˜¯β)− τ¯ )δf˜ − (2(˜¯α+ β˜)− τ)δ′f˜ + 1
2
D˜′(ρ˜+ ˜¯ρ)f˜+ (53)
+ δ(α˜+ ˜¯β − τ¯)f˜ + δ′(˜¯α+ β˜ − τ)f˜ + (τ¯ + α− β¯)(τ − ˜¯α− β˜)f˜+
+ (τ + α¯− β)(τ¯ − α˜− ˜¯β)f˜ + 4|α˜+ ˜¯β|f˜ − τ¯ (˜¯α+ β˜)f˜−
− τ(α˜+ ˜¯β)f˜ +Ψ2f˜ + Ψ¯2f˜ .
By making the concrete choice χ = Σ
1
4
+ and using the fact that (α+ β¯)δ + (α¯+
β)δ′ = τ¯ δ + τδ′ = −πδ − π¯δ′ applies locally at the event horizon of the black
hole, one then ends up with a differential equation of the form
⊠˜f˜ =
1
2
D2f˜ + V˜ f˜ , (54)
provided that the definition V˜ = 12D˜
′(ρ˜+ ˜¯ρ)+ δ(α˜+ ˜¯β− τ¯)+ δ′(˜¯α+ β˜− τ)+(τ¯+
α− β¯)(τ− ˜¯α− β˜)+(τ+α¯−β)(τ¯−α˜− ˜¯β)+4|α˜+ ˜¯β|− τ¯(˜¯α+ β˜)−τ(α˜+ ˜¯β)+Ψ2+Ψ¯2
is used in the present context.
Hence, using the fact that ⊠˜f˜ = 0 can straightforwardly be met on the basis
of the rescaling procedure discussed above, one finds
lim
ǫ→0
ˆ
Ω\Bǫ
f˜⊠˜ϕωq = lim
ǫ→0
2πˆ
0
dφ
1−ǫˆ
−1
dξf˜
{
1
2
d
dξ
(
1− ξ2
Σ+
dϕ
dξ
) + V˜ ϕ
}
=
= π lim
ǫ→0
1− ξ2
Σ+
{
dϕ
dξ
f˜ − ϕdf˜
dξ
}
1−ǫ
−1
, (55)
where Ω represents a two-section of the exterior event horizon, Bǫ represents a
ball shaped region around the ’north pole singularity’ and ωq represents the cor-
responding area element. A careful analysis shows here that lim
ǫ→0
[
1−ξ2
Σ+
dϕ
dξ
f˜
]
1−ǫ
→
0. On the other hand, using the Taylor expansion ϕ = ϕ(ξ − 1) = ϕ(0) + (ξ −
1)ϕ′(0) + ..., one finds here after a careful treatment of all relevant terms
lim
ǫ→0
ˆ
Ω\Bǫ
f˜⊠˜ϕωq = 2πb0ϕ(0), (56)
provided the fact that the definition b0 = −2C1c+2 w+0 (r2+ + a2)
3
2 is used in the
present context. Accordingly, it can be concluded that relation (29) is met for
the choice
f˜(v, ξ, r) = eκvΣ
3
2
+F (ξ − 1)δ(r − r+), (57)
on the exterior event horizon H+, where F = F (ξ − 1) has the form (48).
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Consequently, it becomes clear that the resulting expression for the profile
function solves differential equation (29) exactly and that the resulting Kerr-
Schild deformation of the Kerr-Newman metric therefore represents an exact,
distributionally well-defined solution of Einstein’s field equations.
3 Geometric Limits and Physical Interpretation
As already mentioned, the generalized Dray-’t Hooft relation reduces to Sfetsos’
relation in the limit a→ 0 and to the original Dray-’t Hooft relation in the limit
a, e → 0. In the more general case of the limit a → 0, one is left to solve the
much simpler problem
[⊠˜f˜ , ·] = [2πb0δ(ξ − 1), ·], (58)
where ⊠˜ ≡ ⊠ = d
dξ
((1− ξ2) d
dξ
)− c. Making an ansatz of the form
f˜(v, ξ, r) = αf(v, ξ, r) = βeκvF (ξ − 1)δ(r − r+), (59)
where α and β are constants, this equation can be solved by considering first
the homogeneous equation
⊠ F =
d
dξ
((1 − ξ2)dF
dξ
)− cF = 0, (60)
which obviously matches Legendre’s differential equation in case that the con-
stant c can be written in the form c = −l(l + 1). In this comparatively sim-
ple case, the said equation admits two independent solutions known as Leg-
endre functions of first and second kind, which result as a special case of
Gauß’s differential equation [20]. These functions may therefore be expressed
in the form F1(ξ) = F (l + 1,−l, 1; 1−ξ2 ) =: Pl(ξ) and F2(ξ) = 12Pl(ξ) ln | 1+ξ1−ξ | −
L∑
k=1
2l−4k+3
(2l−1)(l−k+1)Pl−2k+1(ξ), where L =
1
2 l applies in the case that l is even and
L = 12 (l + 1) applies in the case that l is odd. Of course, by making a trans-
formation of the type ξ → −ξ, different pairs of solutions F±1 = F±1 (ξ) and
F±2 = F
±
2 (ξ) are obtained. These individual pairs of solutions can be glued
together completely the same way as previously shown in the more general ax-
isymmetric case, which yields the reduced profile function
F = Θ+F
+ +Θ−F−, (61)
where
F± = c±1 F
±
1 + c
±
2 F
±
2 . (62)
Thus, using the same definitions as in the axisymmetric case, this solution can
be re-written in the form
F = Θ(c+1 F
+
1 + c
+
2 F
+
2 ) + (1−Θ)c−1 F−1 . (63)
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This yields the conditions
c+1 F
+
1 |ξ=0 + c+2 F+2 |ξ=0 != c−1 F−1 |ξ=0 (64)
c+1
dF+1
dξ
|ξ=0 + c+2
dF+2
dξ
|ξ=0 = c−1
dF+2
dξ
|ξ=0 (65)
which, of course, can also be met in the given spherically symmetric case. The
reduced profile function F therefore fulfills the Sfetsos’ relation given above in
the case that c = −l(l+ 1).
However, since it may not always be possible to assume the validity of that
relation, it may be necessary to proceed differently. As was first demonstrated
by Dray and ’t Hooft, a particular way to do so is to solve the inhomogeneous
equation directly, which can be achieved by expanding the reduced profile func-
tion on the left hand side and the delta function on the right hand side simulta-
neously in Legendre polynomials. Since it is known that δ(x) =
∞∑
l=0
(l+ 12 )Pl(x),
one obtains the solution
F (ξ) = −b0
∞∑
l=0
l+ 12
l(l + 1) + c
Pl(ξ) (66)
by solving the corresponding eigenvalue problem. An integral expression for this
solution can be found by considering the generating function of the Legendre
polynomials
∞∑
l=0
l + 12
l(l + 1) + c
Pl(ξ)e
−sl =
1√
1− 2ξe−s + e−2s
in addition to the fact that
l + 12
l(l+ 1) + α2 + 14
=
∞ˆ
0
e−s(l+
1
2 ) cos(αs)ds.
This yields
F (ξ) = − b0√
2
∞ˆ
0
cos(
√
c− 14s)√
cosh s− ξ ds. (67)
While handling the whole subject this way obviously works well enough, there
is actually another way to proceed in this regard. One may simply solve the
corresponding differential equation directly without relying on the existence of
polynomial solutions. This can be seen as follows: Starting with an ansatz of the
form F1 =
∞∑
k=0
wk(ξ−1)k and F2 ≡ F1∆+G, according to which G =
∞∑
k=0
uk(ξ−
1)k applies, one obtains two different solutions of Sfetsos’ differential relation
under the condition that the corresponding coefficients fulfill wk+1 =
k∏
j=0
mj ·w0
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with mj = m(j) = − j(j+1)+c2(j+1)2 and uk+1 =
k∏
j=0
mj · (u0 +
k∑
j=0
D1w0
k−j+1 ) and the
logarithmic part of the Green function is given by ∆ = D12 ln | 1+ξ1−ξ |+D2, where
D1, D2 are arbitrary constants. By performing then once again a transformation
of the type ξ → −ξ, different pairs of solutions F±1 = F±1 (ξ) and F±2 = F±2 (ξ) are
obtained. These individual pairs of solutions can be glued together completely
the same way as previously shown. This yields once again a reduced profile
function of the form
F = Θ(c+1 F
+
1 + c
+
2 F
+
2 ) + (1−Θ)c−1 F−1 , (68)
which, apart from a slightly different form of the integration constants, is exactly
what is obtained by considering the limit a→ 0 of the previously obtained solu-
tion of the generalized Dray-’t Hooft equation. Therefore, it can be concluded
that the solution of the generalized Dray-’t Hooft relation reduces exactly to
Sfetsos’ solution in the limit a → 0 and to the original solution of Dray and ’t
Hooft in the limit a, e→ 0.
Accordingly, since this expression and the one previously obtained both solve
the corresponding differential equations (21) and (22), it becomes clear that they
must be identical in the limit e → 0. Therefore, it can be concluded that they
are different expressions of one and the same reduced profile function of the
geometry.
Ultimately, the resulting class of solutions must be physically interpreted
appropriately. As mentioned at the beginning, the representatives of this class
are given by black hole spacetimes deformed by a gravitational shock wave that is
generated by a null particle being located on the exterior event horizon. This has
the effect that the event horizon of the black hole is no longer a Killing horizon,
but rather an extremal weakly isolated horizon in the sense of Ashtekar et al. [3,
4, 5, 6, 7, 8]. Moreover, it has the effect that the geometry is no longer stationary
and axisymmetric. Thus, one can legitimately interpret the present geometry
as the field of a dynamical black hole, whereas the dynamical components of
the field are solely given by the field of a point particle (or a distribution of
point particles) enveloping the outer event horizon, thus permanently altering
its intrinsic geometric structure.
Additionally, even though it has been pointed out in the case of a static
Schwarzschild black hole background that the corresponding expression for the
profile function allows one to calculate gravitational backreaction effects caused
by black hole evaporation [14, 15], which are expected to be closely related
to the Hawking effect and therefore to be crucial for a deeper understanding
of the quantum properties of black holes, it seems that there is no generally
accepted approach to date, which relates the theory of shock wave spacetimes
with that of scalar fields on stationary black hole backgrounds. In this respect,
it is worthwhile to be careful with such interpretation attempts.
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Discussion
In the present work, the gravitational field of a shockwave generated by a mass-
less particle was calculated at the event horizon of a stationary Kerr-Newman
black hole. The resulting solution of Einstein’s equation represents the geomet-
ric field of a relativistic two-body system, which may in principle be extended
to a many-body system by superimposing different expressions for the profile
function of the geometry.
More precisely, using the Kerr-Schild metric deduced in this work, another
local energy-momentum distribution of a null particle located on the event hori-
zon of a black hole can be determined by introducing a suitable null rescaling,
so that another Kerr-Schild geometry is obtained that does not match the orig-
inal one, but yields the same type of energy-momentum tensor of a point-like
null particle located at the event horizon of spacetime. This provides an infi-
nite set of solutions of Einstein’s equations, which, despite the fact that they
have a different geometric structure, are all equal from a physical point of view.
Accordingly, since the Einstein tensor is linear in the profile function, a finite
series of these solutions for the reduced profile function can in principle be su-
perimposed to a many-body solution, although the solution in question hardly
turns out to be physically relevant in that all null particles move exactly in the
same direction with exactly the same velocity, which appears to be too much of
an idealization. Nevertheless, such a solution can in principle be written down.
A necessary prerequisite for doing so is, of course, the calculation of the exact
form of the profile function of the geometry on the level of infinite power se-
ries. Regarding this exact form, the results presented in this work differ greatly
from those of a prior work on the subject presented by BenTov and Swearngrin
[10], which, like this work, is dedicated to the the construction of a Kerr-Schild
shockwave in a Kerr-Newman background, but which failed on the task of pro-
viding an exact expression for the profile function of the geometry (despite its
claim to have found an exact solution to Einstein’s equation). However, as must
be acknowledged, the geometric setting considered in this work differs insofar
considerably from that considered in [10] as a different choice for the coordi-
nates of the background metric was made. Consequently, since both works set
up deformations in different charts of Kerr-Newman spacetime, the results of
both approaches can hardly be meaningfully compared with each other.
In any case, the geometric model constructed in the present work provides
precise information on the profile function of the geometry and thus allows
for the speficiation of an entire family of superimposed generalized Kerr-Schild
spacetimes in four dimensions, which proves to be consistent with models already
existing in the literature. In particular, it contains the solutions of Dray and ’t
Hooft, Sfetsos and, of course, Aichelburg and Sexl as a special case.
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